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Abstract 

In this paper, we considered the problem of analytical continuation of the 
solution of the system equations of the moment theory of elasticity in spacious 
bounded domain from its values and values of its strains on part of the boundary 
of this domain, i.e., the Cauchy 's problem. 
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1. Introduction 

In this paper, we considered the problem of analytical continuation of the 
solution of the system equations of the moment theory of elasticity in spacious 
bounded domain from its values and values of its strains on part of the boundary 
of this domain, i.e., the Cauchy's problem. 

Since, in many actual problems, either a part of the boundary is inaccessible 
for measurement of displacement and tensions or only some integral character- 
istic are available. In experimental study of the stress-strain state of actual 
constructions, we can make measurements only on the accessible part of the 
surface. 

In a practical investigation of experimental dates or diagnostic moving abject 
arise problems of estimation concerning deformed position of the object. Solu- 
tion of the problems by using well known classical propositions is connected to 
difficulties of absence of experimental dates which is necessary for formulation 
of boundary value (classical) conditions. 

Therefore it is necessary consider the problem of continuation for solution of 
elasticity system of equations to the domain by values of solutions and normal 
derivatives in the part of boundary of domain. 

System equation of moment theory elasticity is elliptic. Therefore the prob- 
lem Cauchy for this system is ill-posed. For ill-posed problems, one does not 
prove the existence theorem: the existence is assumed a priori. Moreover, the 
solution is assumed to belong to some given subset of the function space, usually 
a compact one [1]. The uniqueness of the solution follows from the general Holm- 
gren theorem [2]. On establishing uniqueness in the article studio of ill-posed 
problems, one comes across important questions concerning the derivation of 
estimates of conditional stability and the construction of regularizing operators. 

Our aim is to construct an approximate solution using the Carleman function 
method. 

Let x = {xi,...,x n ) and y = (yi,...,y n ) be points of the n-dimensional Eu- 
clidean space E n , D a bounded simply connected domain in E n , with piecewise- 
smooth boundary consisting of a piece S of the plane y n = and a smooth 
surface S lying in the half-space y n > 0. 

Suppose that 2n-component vector function 

U(x) = (ui(x), u n (x), W\(x), w n {xj) = (u(x),w(x)) satisfied in D the 
system equations moments theory elasticity [3] : 



(/i + a) Ait + (A + fi — a)graddivu + 2arotw + pa 2 u = 0, 

(is + /3)Aw + (e + v — P)graddivw + 2a rotu — 4aw + 6<j 2 w = 0, 



(1), 



where A, p, v, [3, e, a,p, a is coefficients which characterizing medium, satis- 
fying the conditions 



p > 0, 3A + 2p > 0, a > 0, e > 0, 3e + 2^ > 0, /3 > 0, p > 0, a > 0. 

For brevity it is convenient to use matrix notation. Let us introduce the 
matrix differential operator 



M(d x ) = 



M« M( 2 ) 
M( 3 ) M< 4 ) 



where 



moreover 



M« = 



, 2 = 1,2,3,4, 



M i j = <Mm + a)(A + <t 2 ) + (A + ft - a) 



if- 



dxkdxj 



, k,j = l,...,n 



^2 

M$ = Ski [iy + /3)A + a 2 2 ] + ( e + v - fljr-z-, k,j = 1, n, 



dxkdxj 



here 



2 per 2 2 #er 2 — 4a 
= — ; — > a 2 = . , o i »fc 



p + a 



1, */ fc = j 
^ + 1 0, if k?j, 



called e— tensor or Levi-Civita's symbol, which defend following equal- 

iti's 



0, if at least two of three — subscripts k,j,p are equal, 
Ekj P = { 1, if (k,j,p) is an even permutation, 
-1, if (k,j,p) is an odd permutation. 

Then system (??) maybe write in matrix from in the following way: 
M(d x )U(x) = (2) 



2 



A solution U of system (??) in the domain D is said to be regular if U € 
C\D)ftC\D). 

Statement of the problem. Find a regular solution U of system (??) in 
the domain D using its Cauchy data on the surface S: 



U(y) = f(y), T(d y ,n(y))U(y)=9(y), y e S, 
where T(d y ,n(y)) is the stress operator, i.e., 

TW(d y ,n) TV>(d y ,n) 
T^(d y ,n) TW{d v ,n) 



T{d v ,n{v))-- 
T®(d y ,n)= T$(d y ,n) 



1,2,3,4, 



(3) 



dy 



dyk 



dn(y) 1 



T^{d y ,n) = 2aJ2^ jp nM Tjf>(d v ,n) = 0, 
P =i 



T^(3 y , n) = e n k (y)^- + („-/*) nj(y )^- + (» + ft-^y 

n{y) = (ni(y), n n (y)) is the unit outward normal vector on 3D at a point 
f — • • • ! f2n), g = {gi, ■ ■ ■ , g2n) are given continuous vector functions on 

5. 

2. Construction of the matrix Carleman and approximate solution 
for the domain type's cap 

It is well known, that any regular solution U{x) system (??) is specified by 
the formula 



c) 



c) 



U(x)= f {*{y,x){T{d y ,n)U{y)}-{T{d v ,n)*{y,x)YU{y))ds y , 

J 3D 



x e D, (4) 



where symbol is denote of operation transposition, ^(y, x) matrix of fundamen- 
tal solutions system equation of steady-state oscillations of the couple-stress 
theory of elasticity: 



tf(y,jc) = 



where 



*( 3 )(y,x) & 4 \y,x) 



1,2,3,4, 



n>(y,x) = J2(5 kj a l +0 l 



d 2 



i=i 



dx k dx 



■)<p n (ihr), k,j = l,...,n, 



3 



2a 4 " q 
*8 = *i 3 j(y,x) = j^^^Zi£k 3P -^ryn{ihr), k,j = l,...,n 
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J = l - A." J 

here <p„ -fudamental solution Helmholtz equation, r = |x — y\, 



n (-l) l (<? 2 2-krK5 3l + 5 4l ) _ S u m A 
' 2 7 r( M + a)(fci-fc 4 ! ) ' Pl ~ 2npa 2 + kf j^ Pl 



(-l) l tf-kf)(6 3l + 6 4l ) , . 7i v^_ n 



g _ ^Ij^i+M Y%_ n , 2 _ P^ 2 , 2 _ ^ 2 - 4a 
£i ~ 27r(/? + ; ,)(fc 2 -fc 2 )' ^ ' ' 1_ A + 2 M ' ^ £ + 2z, ' 

7 2 , ; 2 2 , 2 , 4a 2 7 2 7 2 2 2 

k 1+ k 2 =a 1+ o 2+ (M + a)(/? + |/) , = -1-2. 

Easily we can verity, that u = ^j"'(y,x), w — tyj"'(y,x) or u — ^j"'(y,x), 

w = tyy ''(y,x) are solution system (??), where &j(y,x)— j— vector tuple i— 
matrix. 

Definition. By the Carleman matrix of problem (??),(??) we mean an 
2nx2n matrix Tl(y, x, t) depending on the two points y, x and positive numerical 
number parameter t satisfying the following two conditions: 

1) U(y,x,T) =V(y,x) + G(y,x,T), 

where matrix G(y, x, r) satisfies system (??) with respect to the variable y in 
the domain D, and &(y,x) is a matrix of the fundamental solutions of system 

(??); 

2) f (\n(y,x,T)\ + \T(dy,n)U(y,x,T)\)da y <e(T), 

JdD\S 

where e(r) — > 0, as t — -> oo; here |IT| is the Euclidean norm of the matrix II = 
||n ij || 2 „ x2 „,i.e.,|n| = (E-" =i n? j )i In particular, |i7| - (E^iKl + O) 1 • 



4 



It is well known, that for the regular vector functions v(y) and u(y) holds 
formula [4]: 



D 



,{y){M(d v )u{y)} - u(y){M(d y )v(y)}dy 



= f [v(y){T(d y ,n)u(y)}-u(y){T(d y ,n)v(y)}]ds y . 

J dD 

Substituting in this equality v(y) — G(y, x, t) and u(y) — U(y) is solution 
system (??), we have 

0= / [G(y,x,r){T(d y ,n)U(y)}-{T(d y ,n)G(y,x,r)}*U(y)}ds y .(5) 

JdD 

Now adding (??) and (??), we have 

Theorem 1. Any regular solution U(x) of system (??) in the domain D 
is specified by the formula 



U{x) = f (r%, x, r){T(d y , n)U(y)}-{T(d y , n)U(y, x, T)}*U(y))ds y , x e D, (6) 

JdD 

where H(y, x, r) is matrix Carleman. 

Using the matrix Carleman, easily conclude the estimate stability of solu- 
tion of the problem (??), (??) and also indicate effective method decision this 
problem. 

With a view to construct approximate solution of the problem (??), (??) we 
construct the following matrix: 



n«(y,x) U^(y,x) 
UW(y,x) UW{y,x) 



U(y,x) -- 



(7) 



, i = l,2,3,4, 



u kj(y^ x ) = ^2( s kjOti+ 0i- — —)$(y,x,ki) , k,j = l,...,n 



' dxkdx 



= ^ELiT,p=i£i£kj P -£;$(y,x,ki) , k,j = l,...,n, 



4 

£ 

i=i 



d 2 



dxkdx 



■)${y,x,h), k,j = l,...,n (8) 
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where 



/ , r Kii\/u 2 + s + y n ) .ib(ku)du ,. 
C n K(x n )$(y,x,k) = I Im[ , 'LL , (9) 



o 



lp(ku) — | ^fH^ U ^ ™_ olT'i T > ™'-s. i -/ol'O-Besse] (unction of order 



cos fcu, n = 2m+l, m>l 

zero 



s = (j/i - xi) 2 + ... + (y„_i - .t„_i) 2 , C" 2 = 2tt 

_ f (-l) m • 2-™(n - 2)ttw„(to- 2)!, n = 2m 
n _ \ • 2-"(n - 2)7rw„(m - 1)!, n = 2m + 1. 

w = m + to (u, w are real), is an entire function taking real values on 
the real axis and satisfying the conditions K{u) ^ oo, \u\ < oo, 

^ 0, sup | exp \Imk\ if (p) (w)| = M(p,u) < oo, p = 0, ...,m, u g 

i^.In work [4] proved. 

Lemma 1. For function $(y,x,k) the formula is valid 



C n $(y,x,k) = Lp n (ikr) + g n (y,x,k), r=\y-x\, (10) 

where ip n -fudamental solution Helmholtz equation, g n (y, x, k) is a regular func- 
tion that is defined for all y and x satisfies Helmholtz equation: A(d y )g n —k 2 g n = 
0. 

In (??) we assume the function K(u>) = exp(rw). Then 

®(y,x,k) = ® T (y-x,k), 

Qm-i r°° exp t(W u 2 + s + y n — x n ) , ip(ku) du 



gm—l roc 



Wu 2 + s + y n - x n \Ju 2 + . 

,m— 1 r°° 



Qm — l roo 

= cxp r(y n - x n ) -q-—[ J [ - cos t\/u 2 + a 2 + 
sin T's/ u^ 1 ~\~ s 

+ (y n -x n ) } tp(ku)du, (1) 

vr + s 

& T {y-x,k) = 8 ' 



dr 



nxJt 7 \ , x d" 1 - 1 [°°smTy/v? + s ... 

C n 9 T {y -x,k)= exp T{y n - x n ) / ip(ku)du 

os J s/u z + s 
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C n $' T (y -x,k) = exp r(y„ - x n ) s) 



0, 



t < k 



(2) 



cos ^/ s(r 2 — fc 2 ), n = 2to 
±7rJ (Vs(T 2 -fc 2 )), r>fc 



Now in formul (??), (??) and (??) to take $>(y,x,k) = $ r (y — a;, k), we 
construct matrix x) — n(y, x, r) 
From Lemma 1 we obtain. 

Lemma 2. The matrix II(y , x , t) given by (??) and (??) is Carleman's 
matrix for problem (??),(??). 

Proof. By (??), (??), (??) and Lemma 1 we have 



n(y, x, t) = *(y, x) + G(y, a;, r), 



where 



G{y,x,r) -- 
G®(y,x,T)= G®(y,x,T) 



GW( V ,x,t) G( 2 \y,x,r) 
GW(y,x,T) G^(y,x,r) 



i = 1,2,3,4, 



(=1 



4 



d 2 



d Xkd x 



■)g n (y,x,ki,T) , k,j=l,...,n 



G$(y,x,T) = G$(y,x,r) 



J2t=iT l p=i £ i £ kj P -£;9n(y,x,ki,T) , fe,j = 1,. 



G^]{y,x,r) ==J2(5 kjll +S l 



d 2 



1=1 



dxkdx 



■)g n (y,x,h,T) , k,j = l,...,n 



By a straightforward calculation, we can verify that the matrix G(y, x, r) satis- 
fies system (??) with respect to the variable y everywhere in D. By using (??), 
(??),© and © we obtain 



(|n(y,x,r)| + \T(d y ,n)IL(y,x,T)\) ds y < d(x) T m exp(-r x n ), (13) 

0D\S 

where C\{x) some bounded function inside D. The lemma is thereby proved. 
Let us set 
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U T (x)= J [Il(y,x,T){T(d y ,n)U(y)} - {T(d y ,n)Yl(y,x,T)}*U(y)]ds y . (14) 
The following theorem holds. 

Theorem 1. Let U(x) be a regular solution of system (??) in D such that 

\U(y)\ + \T(d y ,n)U(y)\ < M, y e 8D\S. (15) 
Then for r > 1 the following estimate is valid: 

\U(y) - U T (y)\ < MC 2 (x)r m exp(-rx n ). 
Proof. By formula (??) and (??), we have 

\U(x)-U T (x)\ = / [n(y,x,r){T(d y ,n)U(y)}-{T(d y ,n)U(y,x,r)}*U(y)}d Sv . 

JdD\S 

Now on the basis of (??) and (??) we obtain required inequality. The theorem 
is thereby proved. 

Now we write out a result that allows us to calculate U (x) approximately if, 
instead of U(y) and T(d y ,n)U(y), their continuous approximations fs(y) and 
gs{y) are given on the surface S: 

m^\f(y)-f s (y)\+msK\T(dy,n)U(y)-gs(y)\<5, < 6 < 1. (16) 
Wc define a function U T s (x) by setting 

U rS (x) - / [U(y,x,T)g s (y) - {T(d yi n)U(y, x, t)}* f s (y)}ds y , (17) 
where 

t = —7tIti—^- : x"=maxx„, x„ > 0. 

Theorem 2. Let U(x) be a regular solution of system (??) in D satisfying 
condition (??). T/ien the following estimate is valid: 

\U{x)-U tS (x)\<C 3 (x)S^ Un—j , x e D. 
Proof. From formula (??) and (??) we have 

U(x)-U tS (x)= f [H(y,x,r){T(d y ,n)U(y) - g s (y)}- 
Js 
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{T(d y , n)n(y, x, r)}(U(y) - f s (y))]da 



+ / [IL(y, x, r){T(d yj n)U(y)} - {T(d y , n)Il(y, x, r)}*U(y)}d Sy . 

JdD\S 

By the assumption of the theorem and inequalities (??), (??) and (??) for the 
any x £ D, we obtain 



\U(x) - U t5 (x)\ = C 2 {x)8T m exvT{x° n - x n ) + Ci(x)r m exp(-rx„) < 

< C 3 {x)T m (M + 8expTx° n )exp{-Tx n ). 

Now, it to take r = -grln^f, then we obtain to proof theorem. The theorem is 
thereby proved. 

Theorem 3. Let U{x) be a regular solution of system (??) in D satisfying 
conditions 

\U(y)\ + \T(d y ,n)U(y)\<M, y G 8D\S, 
\U(y)\ + \T(d v ,n)U(y)\<S, < S < 1, y G S. 

Then 

\U(x)\<C 4 (x)5% (ln{^r) 

where C±{x) — C j gD ^ds y , C— constant depending on X,fi,e,(3, 
Proof. On the basis of Theorem 2 we obtain 

\U(x)\ < \U T {X)\ + MC 2 (x)T m eM-T Xn). 

Next from the condition theorem and (??), (0) we obtain 



\U t5 (x)\ 



s 



[U(y, x, r){T(d v ,n)U(y)} - {T(d y , n)U(y, x, r)}* (£%) )] ds y 



< 



< / (\U(y,x,r)\ + \T(d y ,n)U(y,x,T)\) (\U(y)\ + \T(d y ,n)U(y)\) ds y < 



<5 / {\U(y,x,T)\ + \T(d y ,n)U(y,x,T)\)ds y <C 3 {x)ST m exp(Tx° l -Tx n ). 
Js 
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Then 

\U(x)\ < C 4 (x)T m exp(-Tx n )(M + 5cxpTx° n ). 
Next if we take r = -^rln^-, then we obtain stability estimate: 

\U(x)\ < d{x)5^ — ) 

The theorem is thereby proved. 

From proved above theorems we obtain 
Corollary 1. The limit relation 

lim U T {x) =U(x), lim U T s(x) — U(x) 

t^oo (5^0 

hold uniformly on each compact subset of D. 

3. Regularization of solution of the problem (??), (??) for a domain 
of cone type 

Let x — (xi,,x n ) and y — (yi,,y n ) be points in E n , D p be a bounded 
simply connected domain in E n whose boundary consists of a cone surface 

£ : «i = ry n , a? = + . . . + y 2 n _ x , t = tg^-, y n > 0, p > 1 

and a smooth surface S, lying in the cone. Assume xo = (0, ...0, x n ) G Z? p . 
We constract Karleman matrix. In formula (??),(??) and (??) to take 

K(u)=E p [T(w-x n )], t > 0, p>l. 

Then 

®(y,x,k) = $ T (y-x,k),k > 




C n $ T (y-x,k) 



ds r 



-1 /-o 



Jm 



iVu 2 + s + y n 



y n - x n ))^tp(ku) du 



(18) 



a;,fc) = 



<9$ T 
^7 



C„$;(y-a;,fc) = 



9s" 



Im^E' p r(i\/u 2 + s + y n - x n j 



xp(ku) du 
\Ju 2 + s ' 



where E p (w)— Mittag-Lffer's a entire function [5]. For the functions <& r (y — 
x, k) holds Lemma 1 and Lemma 2. 

Now again to denote by U T {x), U T s(x) as (??) and (??). Then holds analogical 
theorem as Theorem 1,2,3. 
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For n = 3 we reduce entirely. 

Suppose that D p is bounded simple connected domain from E 3 with bound- 
ary consisting of part Yl °f the surface of the cone 

yl + vicryl, r = *5^> P >1 ' 2/3 > 0, 

and of a smooth portion of the surface S lying inside the cone. Assume x = 
(0,0,x 3 )€J), 

We construct Carleman's matrix. In formula (??),(??) we take 



*r(y,*,k)= - ) , J ~ Im . . 2 Y T7W) C °; k 2 U " U , (20) 
47r 2 £;p(T "s 3 ) io iVi* 2 + s + 2/3 - £3 Vu 2 + s 

where w — i\Ju 2 + s + y 3 , E p {w)— Mittag-Lffer's a entire function. For 
the functions ^ T (y,x,k) holds Lemma 1. 

If follows from the properties of E p {w) that for y G E, < u < 00 the 
function $ T (y,x,k) defined by (??) its gradient and second partial derivatives 

tend to zero as r — > 00 for a fixed x £ D p . 

Then from (??) we find that the matrix H(y, x, r) and its stresses T(d v , n)H(y, x, r) 
also tend to zero as r — > 00 on y € E, i.e., x,t) — is the Carleman matrix 
for the domain D p and the part E of the boundary. 

For the U(x)— regular solution system (??) following integral formula holds 

U(x) = f [U(y, x, r){T(d y , n)U(y)} - {T(d yi n)U(y, x, T )}*U(y)]ds y . (21) 

JdD p 

By x e D p we denote U T (x) follows: 



U T (x) = / [U(y,x,T){T(d v ,n)U(y)} - {T(d v ,n)U(y,x,T)rU(y)]d Sv .(22) 
Js 

The following theorem holds. 

Theorem 4. Let U(x) be a regular solution of system (??) in D p such 
that 

\U(y)\ + \T(d y ,n)U(y)\<M, y e E. (23) 
Then for r > 1 the following estimate is valid: 

\U{x ) - U T (x )\ < MC p {x )T 3 exp{-TX p 3 ), 
where x = (0, 0, x 3 ) e D p , x 3 > 0, 
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C p (x ) = C p -jdsy, ro = \y — xo\, C p — constant. 

Proof. By analogy with proved Theorem 2 and Theorem 3 from (??) and 
(??) we obtain 

\U(x ) - U T (x | < M J[\U(y,x ,T)\ + \T(d y ,n)U{y,x ,T)\]ds y . 
By formula (??) we have following inequality: 

|*r(»,a!,fe)|<C( 1 »£- 1 (T?7)r- 1 ) 
d$ r (y,x,k) 



dyt 

d 2 $ T (y,x,k) 



dykdyj 



<Cf\'E-\r k n)r-". 



Then from (??) 



\U(y,x,r)\ <C^r 2 E-\r L n )r-\ 



\T(d y ,n)U(y,x,r)\ < C< 5 > t 3 E' 1 (r7 -y)^ . 
Therefore we obtain 



|I7(as ) ~ U T (x )\ < MC p (x Q )T 3 exp{~Tx p 3 ) 7 



where 



Cp(xo) = C p / —ds y , ro = \y — xo\, C p — constant. 
Jt, r o 

The theorem is thereby proved. 

Suppose that instead of U(y) and T(d y ,n)U(y) gives their continuous ap- 
proximations fs(y) and gs(y) such that 



max \U(y)-f 5 (y)\+ max \T(8 y , n)U(y) - g s (y)\ < 5, < 5 < 1. 
Define the function U T s(x) by 

U tS {x)= I [U(y,x,T)g s (y) - {T(dy,n)Yl( y ,x,T)}*fs(y)}dsy, 
Js 

The following theorem holds 
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Theorem 5. Let U{x) is a regular solution of system (??) in the domain 
Dp satisfying the condition (??), then 

\U(x ) - U r5 (x )\ < C p (xv)5*(ln^-)\ 
where r = (rR)-Pln^, RP = maxRe(i^/s + VaY, 



q=(ly, C p (x ) = C p ^ 



1 1 



dSy. 



The proof theorem is similar to those of Theorem 3 and 4. 
Corollary 2. The limit relation 

lim U T (x) = U(x), lim U T s(x) = U(x) 

hold uniformly on each compact subset of D p . 
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